
Received XX March 2024; revised .

A Closed-Form Control for Safety Under
Input Constraints Using a Composition

of Control Barrier Functions
PEDRAM RABIEE1, JESSE B. HOAGG1 (Senior Member, IEEE)

1Department of Mechanical and Aerospace Engineering, University of Kentucky, Lexington, KY 40506 USA

CORRESPONDING AUTHOR: J. B. Hoagg (e-mail: jesse.hoagg@uky.edu)

This work is supported in part by the National Science Foundation (1849213,1932105) and Air Force Office of Scientific Research
(FA9550-20-1-0028).

ABSTRACT We present a new closed-form optimal control that satisfies both safety constraints (i.e., state
constraints) and input constraints (e.g., actuator limits) using a composition of multiple control barrier
functions (CBFs). This main result is obtained through the combination of several new ideas. First, we
present a method for constructing a single CBF from multiple CBFs, which can have different relative
degrees. The construction relies on a log-sum-exponential soft-minimum function and yields a CBF whose
zero-superlevel set is a subset of the intersection of the zero-superlevel sets of all the CBFs used in the
composition. Next, we use the composite soft-minimum CBF to construct a closed-form control that is
optimal with respect to a quadratic cost subject to the safety constraints. Finally, we extend the approach
and develop a closed-form optimal control that not only guarantees safety but also respects input constraints.
The key elements in developing this novel closed-form control include: the introduction of the control
dynamics, which allow the input constraints to be transformed into constraints on the state of the closed-loop
system, and the use of the composite soft-minimum CBF to compose multiple safety and input CBFs,
which have different relative degrees, into a single CBF. We also demonstrate these new control approaches
on a nonholonomic ground robot example.

INDEX TERMS Autonomous systems, constrained control, nonlinear systems and control, optimal control.

I. Introduction
Control barrier functions (CBFs) are used to determine

controls that make a designated safe set forward invariant
[1], [2]. Thus, CBFs can be used to generate controls that
guarantee safety constraints (i.e., state constraints). CBFs
are often integrated into real-time optimization-based control
methods (e.g., quadratic programs) as safety filters [3]–[6].
They are also used in conjunction with stability constraints
and/or performance objectives [7], [8]. Related barrier func-
tions are used for Lyapunov-like control design and analysis
(e.g., [9]–[12]). CBF methods have been demonstrated in a
variety of applications, including mobile robots [13]–[16],
unmanned aerial vehicles [17], [18], and autonomous vehicles
[1], [19], [20].

One important challenge in CBF methods is to verify
a candidate CBF, that is, confirm that the candidate CBF
satisfies the conditions to be a CBF [21]. For systems without
input constraints (e.g., actuator limits), a candidate CBF can

often be verified provided that it satisfies certain structural
assumptions (e.g., constant relative degree) [1]. In contrast,
verifying a candidate CBF under input constraints can be
challenging, and this challenge is exacerbated if the safe
set is described using multiple candidate CBFs. It may be
possible to use offline sum-of-squares optimization methods
to verify a candidate CBF [22]–[25]. Alternatively, it may
be possible to synthesize a CBF offline by griding the state
space [26].

An online approach to obtain forward invariance (e.g.,
state constraint satisfaction) subject to input constraints is
to use a prediction of the system trajectory into the future
under a backup control. For example, [27], [28] determine
a control forward invariant subset of the safe set by using
a finite-horizon prediction of the system under a backup
control. However, the methods in [27], [28] require replacing
an original barrier function that describes the safe set with
multiple barrier functions—one for different time instants of
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the prediction horizon. Thus, the number of barrier functions
increases as the prediction horizon increases, which can lead
to conservative constraints and result in a set of constraints
that are not simultaneously feasible. These drawbacks are
addressed in [29], [30] by using a log-sum-exponential soft-
minimum function to construct a single composite barrier
function from the multiple barrier functions that arise from
using a prediction horizon. In addition, [30] uses a log-sum-
exponential soft-maximum function to allow for multiple
backup controls. The use of multiple backups can enlarge
the verified forward-invariant subset of the safe set. However,
[27]–[30] all rely on a prediction of the system trajectories
into the future.

Another approach to address safety subject to input
constraints is presented in [31], which uses a composition of
multiple CBFs, where the composition has adaptable weights.
However, the feasibility of the update law for the weights is
related to the feasibility of the original optimization problem
subject to input constraints.

This article presents a new approach to address forward
invariance subject to input constraints. Specifically, we use a
soft-minimum CBF to combine multiple safety constraints
(i.e., state constraints) and multiple input constraints (e.g.,
actuator limits) into a single CBF. This single composite soft-
minimum CBF is used in a constrained quadratic optimization
to generate a control that is optimal and satisfies both safety
and input constraints. Notably, we derive a closed-form
control that satisfies the constrained quadratic optimization,
thus eliminating the need to solve a quadratic program in real
time. To our knowledge, this article is the first to present a
closed-form CBF-based control that satisfies multiple safety
constraints as well as multiple input constraints.

The main result of this article is a new closed-form
optimal control that satisfies both safety constraints and
input constraints. This result is obtained through several
new contributions. First, Section IV presents a method for
constructing a single CBF from multiple CBFs, where each
CBF in the composition can have different relative degree.
The construction relies on a soft-minimum function and
yields a CBF whose zero-superlevel set is a subset of the
intersection of the zero-superlevel sets of all the CBFs used
in the construction.

Next, Section V uses the composite soft-minimum CBF
to construct a closed-form optimal control that guarantees
safety. The control is optimal with respect to a quadratic
performance function subject to safety constraints (i.e., state
constraints). The method is demonstrated on a simulation of
a nonholonomic ground robot subject to position and speed
constraints, which do not have the same relative degree.

Finally, Section VI extends the approach to construct a
closed-form optimal control that not only guarantees safety
(i.e., state constraints) but also respects input constraints (e.g.,
actuator limits). To do this, we introduce control dynamics
such that the control signal is an algebraic function of the
internal controller states and the input to the control dynamics

is the output of a constrained optimization, which we solve
in closed form. The use of control dynamics allows us to
express the input constraints as CBFs in the closed-loop state
(i.e., the state of the system and the controller). Notably,
the input constraint CBFs do not have the same relative
degree as the safety constraint CBFs. However, this difficult
is addressed using the new composite soft-minimum CBF
construction. Other methods using control dynamics and
CBFs include [32], [33]. We demonstrate this control method
on a simulation of a nonholonomic ground robot subject to
position constraints, speed constraints, and input constraints–
none of which have the same relative degree. Some results on
the composite soft-minimum CBF appear in [34]; however,
the current article goes far beyond [34]. Notably, [34] does
not include the closed-form optimal-and-safe controls or the
complete analysis presented in this article.

II. Notation
The interior, boundary, and closure of A ⊆ Rn are denoted

by int A, bd A, cl A, respectively. Let conv A denote the
convex hull of A ⊂ Rn. Let Pn denote the set of symmetric
positive-definite matrices in Rn×n.

Let η : Rn → Rℓ, be continuously differentiable. Then,
η′ : Rn → Rℓ×n is defined as η′(x) ≜ ∂η(x)

∂x . The Lie
derivatives of η along the vector fields of ψ : Rn → Rn×m
are defined as

Lψη(x) ≜ η′(x)ψ(x),

and for all positive integer d, define

Ldψη(x) ≜ LψL
d−1
ψ η(x).

Throughout this paper, we assume that all functions are
sufficiently smooth such that all derivatives that we write
exist and are continuous.

Let ρ > 0, and consider softminρ : RN → R defined by

softminρ(z1, . . . , zN ) ≜ −1

ρ
log

N∑

i=1

e−ρzi , (1)

which is the log-sum-exponential soft minimum. The next
result relates the soft minimum to the minimum.

Fact 1. Let z1, . . . , zN ∈ R. Then,

min {z1, . . . , zN} − logN

ρ
≤ softminρ(z1, . . . , zN )

< min {z1, . . . , zN}.
Fact 1 demonstrates that softminρ lower bounds the

minimum, and converges to the minimum as ρ→ ∞. Thus,
softminρ is a smooth approximation of the minimum.

III. Problem Formulation
Consider

ẋ(t) = f(x(t)) + g(x(t))u(x(t)), (2)

where x(t) ∈ Rn is the state, x(0) = x0 ∈ Rn is the initial
condition, f : Rn → Rn and g : Rn → Rn×m are locally
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Lipschitz continuous on Rn, and u : Rn → Rm is the control,
which is locally Lipschitz continuous on Rn.

Since f , g, and u are locally Lipschitz, it follows that for all
x0 ∈ Rn, there exists a maximum value tmax(x0) ∈ [0,∞)
such that x(t) is the unique solution to (2) on I(x0) ≜
[0, tmax(x0)).

Definition 1. The set D ⊂ Rn is control forward invariant
with respect to (2) if there exists a locally Lipschitz ui:D →
Rm such that for all x0 ∈ D, the solution x to (2) with
u = ui is such that for all t ∈ I(x0), x(t) ∈ D.

Let h1, h2, . . . , hℓ:Rn → R be continuously differentiable,
and for all j ∈ {1, 2, . . . , ℓ}, define

Cj,0 ≜ {x ∈ Rn:hj(x) ≥ 0}. (3)

The safe set is

Ss ≜
ℓ⋂

j=1

Cj,0. (4)

Unless otherwise stated, all statements in this paper that
involve the subscript j are for all j ∈ {1, 2, . . . , ℓ}. We make
the following assumption:
(A1) There exists a positive integer dj such that for

all x ∈ Ss, Lghj(x) = LgLfhj(x) = · · · =

LgL
dj−2
f hj(x) = 0 and LgL

dj−1
f hj(x) ̸= 0.

Assumption (A1) implies hj has well-defined relative degree
dj with respect to (2) on Ss; however, relative degrees
d1, . . . , dℓ need not be equal. Assumption (A1) also implies
that hj is a relative-degree-dj CBF. However, we do not
assume knowledge of a CBF for the safe set Ss. Section IV
presents a method for constructing a single composite CBF
from the CBFs h1, . . . , hℓ, which can have different relative
degrees.

Consider the cost function J :Rn × Rm → R defined by

J(x, u) ≜
1

2
uTQ(x)u+ c(x)Tu, (5)

where Q : Rn → Pm and c : Rn → Rm are locally Lipschitz
continuous on Rn. The objective is to design a full-state
feedback control u : Rn → Rm such that for all t ≥ 0,
J(x(t), u(x(t)) is minimized subject to the safety constraint
that x(t) ∈ Ss. Section V presents a closed-form control that
satisfies these control objectives. Then, Section VI presents
a closed-form control that satisfies these control objectives
subject to control input constraints.

IV. Composite Soft-Minimum CBF
This section presents a method for constructing a single

composite CBF from multiple CBFs (i.e., h1, . . . , hℓ), which
can have different relative degrees.

Let bj,0(x) ≜ hj(x). For i ∈ {0, 1 . . . , dj − 2}, let
αj,i:R → R be a locally Lipschitz extended class-K function,
and consider bj,i+1 : Rn → R defined by

bj,i+1(x) ≜ Lfbj,i(x) + αj,i(bj,i(x)). (6)

For i ∈ {1 . . . , dj − 1}, define

Cj,i ≜ {x ∈ Rn : bj,i(x) ≥ 0}. (7)

Next, define

Cj ≜
{
Cj,0, dj = 1,⋂dj−2
i=0 Cj,i, dj > 1,

(8)

and

C ≜
ℓ⋂

j=1

Cj . (9)

Note that C ⊆ Ss. In addition, note that if d1, . . . , dℓ ∈ {1, 2},
then C = Ss.

The next result is from [35, Proposition 1] and provides a
sufficient condition such that Cj is forward invariant.

Lemma 1. Consider (2), where (A1) is satisfied. Let j ∈
{1, . . . , ℓ}. Assume x0 ∈ Cj , and assume for all t ∈ I(x0),
bj,dj−1(x(t)) ≥ 0. Then, for all t ∈ I(x0), x(t) ∈ Cj .

Lemma 1 implies that if for all j ∈ {1, . . . , ℓ} and all
t ∈ I(x0), bj,dj−1(x(t)) ≥ 0, then for all t ∈ I(x0), x(t) ∈
C ⊆ Ss. This motivates us to consider a candidate CBF
whose zero-superlevel set approximates the intersection of
the zero-superlevel sets of b1,d1−1, . . . , bℓ,dℓ−1. Specifically,
let ρ > 0, and consider the candidate CBF h : Rn → R
defined by

h(x) ≜ softminρ
(
b1,d1−1(x), b2,d2−1(x), . . . , bℓ,dℓ−1(x)

)
.

(10)
The zero-superlevel set of h is

S ≜ {x ∈ Rn:h(x) ≥ 0}. (11)

The next result is the immediate consequence of Fact 1
and demonstrates that S is a subset of the intersection of the
zero-superlevel sets of b1,d1−1, . . . , bℓ,dℓ−1.

Proposition 1. S ⊂ ⋂ℓj=1 Cj,dj−1.

Fact 1 also implies that S approximates the intersection of
the zero-superlevel sets of b1,d1−1, . . . , bℓ,dℓ−1 in the sense
that as ρ→ ∞, S → ⋂ℓ

j=1 Cj,dj−1.
Note that S is not generally a subset of Ss or C. See

Figure 1 for the Venn diagram of these sets. In the special
case where d1 = · · · = dℓ = 1, it follows that S ⊂ C = Ss,
and as ρ→ ∞, S → Ss.

Next, define

B ≜ {x ∈ bd S:Lfh(x) ≤ 0}, (12)

and note that if for all x ∈ B, Lgh(x) ̸= 0, then h is a
CBF. The next results show that if h is a CBF, then not only
is S control forward invariant but so is S ∩ C. This fact is
significant because S ∩ C is a subset of Ss.

Proposition 2. Consider (2), where (A1) is satisfied.
Assume that h′ is locally Lipschitz on S , and for all x ∈ B,
Lgh(x) ̸= 0. Then, S ∩ C is control forward invariant.

Proof:
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FIGURE 1. Visual representation of Ss, C,S,B. The set S ∩ C is control
forward invariant with respect to (2) under the conditions outlined
in Proposition 2. Furthermore, a relaxed set of assumptions is provided
in Remark 1.

Let u:S → Rm be locally Lipschitz on S such that for all
x ∈ bd S , Lfh(x) + Lgh(x)u(x) ≥ 0, which exists because
f , g, and h′ are locally Lipschtiz on S and for all x ∈ B,
Lgh(x) ̸= 0. Thus, Nagumo’s Theorem [36, Theorem 4.7]
implies that S is forward invariant with respect to (2).

Next, let x0 ∈ S ∩ C. Since x0 ∈ S and S is forward
invariant, it follows that for all t ∈ I(x0), h(x(t)) ≥ 0. Thus,
(11), Proposition 1, and (7) imply that for all t ∈ I(x0),
bj,dj−1(x(t)) ≥ 0. Since, in addition, x0 ∈ Cj ⊂ S ∩ C, it
follows from Lemma 1 that for all t ∈ I(x0), x(t) ∈ Cj .
Thus, for all t ∈ I(x0), x(t) ∈ C, which implies that for all
t ∈ I(x0), x(t) ∈ S ∩ C.

Remark 1. Proposition 2 provides a sufficient condition
such that S∩C is control forward invariant. However, Figure 1
illustrates that it is not necessary that Lgh(x) ̸= 0 for all
x ∈ B. Specifically, it suffices to require that for all x ∈ B∩C,
Lgh(x) ̸= 0.

V. Closed-Form Optimal and Safe Control
This section uses the composite soft-minimum CBF (10)

to construct a closed-form optimal control that guarantees
safety. Specifically, we design a control that minimizes
J(x(t), u(x(t))) subject to the constraint that x(t) ∈ S∩C ⊂
Ss.

Let γ > 0, and let α : R → R be a locally Lipschitz
nondecreasing function such that α(0) = 0. For all x ∈ Rn,
consider the control given by

(
u(x), µ(x)

)
≜ argmin

ũ∈Rm, µ̃∈R
J(x, ũ) +

1

2
γµ̃2 (13a)

subject to
Lfh(x) + Lgh(x)ũ+ α(h(x)) + µ̃h(x) ≥ 0. (13b)

The next result shows that if for all x ∈ B, Lgh(x) ̸= 0, then
the quadratic program (13) is feasible.

Proposition 3. The following statements hold:

(a) Let x ∈ Rn \ S. Then, there exists ũ ∈ Rm and µ̃ ∈ R
such that (13b) is satisfied.

(b) Let x ∈ S \ B. Then, there exists ũ ∈ Rm and µ̃ ≥ 0
such that (13b) is satisfied.

(c) Let x ∈ B. If Lgh(x) ̸= 0, then there exists ũ ∈ Rm
and µ̃ ≥ 0 such that (13b) is satisfied.

Proof:
To prove (a), let x1 ∈ Rn \ S , which implies that h(x1) <
0. Thus, ũ = 0 and µ̃ = −[Lfh(x1) + α(h(x1))]/h(x1)
satisfy (13b).

To prove (b), let x2 ∈ (bd S) \ B, which implies that
h(x2) = 0 and Lfh(x2) > 0. Thus, ũ = 0 and µ̃ = 0
satisfy (13b). Next, let x3 ∈ int S, which implies that
h(x3) > 0. Thus, ũ = 0 and µ̃ = max{−[Lfh(x3) +
α(h(x3))]/h(x3), 0} ≥ 0 satisfy (13b).

To prove (c), let x4 ∈ B, which implies that h(x4) = 0.
Since Lgh(x4) ̸= 0, it follows that ũ = −Lfh(x4)/Lgh(x4)
and µ̃ = 0 satisfy (13b).

Next, consider ω : Rn → R defined by

ω(x) ≜ Lfh(x)− Lgh(x)Q(x)−1c(x) + α(h(x)), (14)

and define
Ω ≜ {x ∈ Rn : ω(x) < 0}. (15)

The following result provides a closed-form solution for
the unique global minimizer (u(x), µ(x)) of the constrained
optimization (13). This result also shows that if h′ is locally
Lipschitz, then u and µ are locally Lipschitz.

Theorem 1. Assume that for all x ∈ B, Lgh(x) ̸= 0.
Then, the following hold:
(a) For all x ∈ Rn,

u(x) = −Q(x)−1
(
c(x)− Lgh(x)

Tλ(x)
)
, (16)

µ(x) =
h(x)λ(x)

γ
, (17)

where λ:Rn → R is defined by

λ(x) ≜

{−ω(x)
d(x) , x ∈ Ω,

0, x /∈ Ω,
(18)

and d: Ω → R is defined by

d(x) ≜ Lgh(x)Q(x)−1Lgh(x)
T + γ−1h(x)2. (19)

(b) For all x ∈ Rn, λ(x) ≥ 0, and for all x ∈ S , µ(x) ≥ 0.
(c) u, µ, and λ are continuous of Rn.
(d) Let D ⊆ Rn, and assume that h′ is locally Lipschitz on

D. Then, u, µ, and λ are locally Lipschitz on D.

Proof:
First, we show that for all x ∈ cl Ω, d(x) > 0. Let a ∈ cl Ω,

and assume for contradiction that d(a) = 0. Since γ > 0 and
Q is positive definite, it follows from (19) that Lgh(a) = 0
and h(a) = 0. Since, in addition, for all x ∈ B, Lgh(x) ̸= 0,
it follows from (12) that Lfh(a) > 0. Thus, (14) implies
ω(a) = Lfh(a) > 0, which implies a /∈ cl Ω, which is a
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contradiction. Thus, d(a) ̸= 0, which implies that d(a) > 0.
Thus, for all x ∈ cl Ω, d(x) > 0.

To prove (a), define

J̃(x, ũ, µ̃) ≜ J(x, ũ) +
1

2
γµ̃2,

b(x, ũ, µ̃) ≜ Lfh(x) + Lgh(x)ũ+ α(h(x)) + µ̃h(x),

u∗(x) ≜ −Q(x)−1c(x),

and note that u∗ is the unique global minimizer of J , which
implies that (u∗, 0) is the unique global minimizer of J̃ .

First, let x1 /∈ Ω, and it follows from (15) that ω(x1) ≥ 0,
which combined with (14) implies that (ũ, µ̃) = (u∗(x1), 0)
satisfies (13b). Since, in addition, (ũ, µ̃) = (u∗(x1), 0) is
the unique global minimizer of J̃(x1, ũ, µ̃), it follows that
(ũ, µ̃) = (u∗(x1), 0) is the solution to (13). Finally, (16)–(19)
yields u(x1) = u∗(x1) and µ(x1) = 0, which confirms (a)
for all x /∈ Ω.

Next, let x2 ∈ Ω. Let (u2, µ2) ∈ Rm × R denote
the the unique global minimizer of J̃(x2, ũ, µ̃) subject to
b(x2, ũ, µ̃) ≥ 0. Since x2 ∈ Ω, it follows from (14) that
b(x2, u∗(x2), 0) = ω(x2) < 0. Thus, b(x2, u2, µ2) = 0.
Define the Lagrangian

L(ũ, µ̃, λ̃) ≜ J̃(x2, ũ, µ̃)− λ̃b(x2, ũ, µ̃).

Let λ2 ∈ R be such that (u2, µ2, λ2) is a stationary point of
L. Evaluating ∂L

∂ũ
, ∂L
∂µ̃

, and ∂L
∂
˜
λ

at (u2, µ2, λ2); setting equal
to zero; and solving for u2, µ2, and λ2 yields

u2 = −Q(x2)
−1
(
c(x2)− Lgh(x2)

Tλ2
)
,

µ2 =
h(x2)λ2

γ
,

λ2 =
−ω(x2)
d(x2)

,

where d(x2) ̸= 0 because x2 ∈ Ω. Finally, (16)–(19) yields
u(x2) = u2, µ(x2) = µ2, and λ(x2) = λ2, which confirms
(a) for all x ∈ Ω.

To prove (b), since d is positive on cl Ω, it follows
from (14), (15), and (18) that for all x ∈ Rn, λ(x) ≥ 0.
Since, in addition, γ > 0 and h is nonnegative on S, it
follows from (17) that for all x ∈ S, µ(x) ≥ 0.

To prove (c), let a ∈ bd Ω, which implies that ω(a) = 0
and d(a) > 0. Thus, −ω(a)/d(a) = 0, and (18) implies that
λ is continuous on bd Ω. Since, in addition, f , g, Q−1, c,
h, and h′ are continuous on Rn, it follows from (14), (18),
and (19) that λ is continuous on Rn, which combined with
(16) and (17) implies that u and µ are continuous on Rn.

To prove (d), note that f , g, Q−1, c, α and h are locally
Lipschitz on Rn. Since h′ is locally Lipschitz on D, it follows
from (14) and (19) that ω and d are locally Lipschitz on D.
Thus, (18) implies that λ is locally Lipschitz on D, which
combined with (16) and (17) implies that u and µ are locally
Lipschitz on D.

Figure 2 is a block diagram of the control (6), (10),
and (14)–(19), which is the closed-form solution to the
quadratic program (13) that relies on the composite soft-

ẋ = f(x) + g(x)u

u(x) = −Q(x)−1
(
c(x)− Lgh(x)

Tλ(x)
)

λ(x) =

{
− ω(x)
Lgh(x)Q(x)−1Lgh(x)T+γ−1h(x)2 , x ∈ Ω

0, x /∈ Ω

ω(x) = Lfh(x)− Lgh(x)Q(x)−1c(x) + α(h(x))

Ω = {x ∈ Rn : ω(x) < 0}

u

x

FIGURE 2. Closed-form optimal and safe control using the composite
soft-minimum CBF (10). Control minimizes cost J subject to safety
constraint.

minimum CBF h. The next theorem is the main result on
safety using this control.

Theorem 2. Consider (2), where (A1) is satisfied, and
consider u given by (6), (10), and (14)–(19). Assume that
h′ is locally Lipschitz on S , and for all x ∈ B, Lgh(x) ̸= 0.
Let x0 ∈ S ∩ C. Then, for all t ∈ I(x0), x(t) ∈ S ∩ C ⊂ Ss.

Proof:
Since h′ is locally Lipschitz on S, it follows from (d)

of Theorem 1 that u is locally Lipschitz on S. Next, let
a ∈ bd S, which implies that h(a) = 0. Thus, (14)–(19)
imply that

Lfh(a) + Lgh(a)u(a) = Lfh(a)− Lgh(a)Q(a)−1c(a)

+ Lgh(a)Q(a)−1Lgh(a)
Tλ(a)

=

{
0, a ∈ Ω

ω(a), a /∈ Ω

≥ 0.

Hence, for all x ∈ bd S, Lfh(x) + Lgh(x)u(x) ≥ 0.
Thus, [36, Theorem 4.7] implies that S is forward invariant
with respect to (2).

Next, let x0 ∈ S ∩ C. Since x0 ∈ S and S is forward
invariant, it follows that for all t ∈ I(x0), h(x(t)) ≥ 0. Thus,
(11), Proposition 1, and (7) imply that for all t ∈ I(x0),
bj,dj−1(x(t)) ≥ 0. Since, in addition, x0 ∈ Cj ⊂ S ∩ C, it
follows from Lemma 1 that for all t ∈ I(x0), x(t) ∈ Cj .
Thus, for all t ∈ I(x0), x(t) ∈ C, which implies that for all
t ∈ I(x0), x(t) ∈ S ∩ C.

The control (6), (10), and (14)–(19) relies on the Lie
derivatives Lfh and Lgh, which can be expressed as

Lfh(x) =

ℓ∑

j=1

βj(x)Lfbj,dj−1(x),

=

ℓ∑

j=1

βj(x)
[
L
dj
f hj(x)

+

dj−2∑

k=0

Lk+1
f αj,dj−2−k

(
bj,dj−2−k(x)

)]
,
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Lgh(x) =

ℓ∑

j=1

βj(x)Lgbj,dj−1(x)

=

ℓ∑

j=1

βj(x)LgL
dj−1
f hj(x),

where
βj(x) ≜ exp ρ(h(x)− bj,dj−1(x)).

It follows from (1) and (10) that
∑ℓ

j=1 βj(x) = 1, which
implies that for each x ∈ Rn, Lfh(x) and Lgh(x) are
convex combinations of Lfb1,d1−1(x), . . . , Lfbℓ,dℓ−1(x) and
Lgb1,d1−1(x), . . . , Lgbℓ,dℓ−1(x), respectively. The next result
follows from this observation and provides a sufficient
condition such that for all x ∈ B, Lgh(x) ̸= 0.

Proposition 4. Assume (A1) is satisfied, and assume for
all x ∈ B, 0 ̸∈ conv{LgLd1−1

f h1(x), . . . , LgL
dℓ−1
f hℓ(x)}.

Then, for all x ∈ B, Lgh(x) ̸= 0.

Proposition 4 provides a sufficient condition such that
Lgh(x) ̸= 0 for all x ∈ B. However, this condition is not
necessary.

Next, we present an example to demonstrate the control (6),
(10), and (14)–(19).

Example 1. Consider the nonholonomic ground robot
modeled by (2), where

f(x) =




v cos θ
v sin θ

0
0


, g(x) =




0 0
0 0
1 0
0 1


, x =




qx
qy
v
θ


, u =

[
u1
u2

]
,

and q ≜ [ qx qy ]
T is the robot’s position in an orthogonal

coordinate system, v is the speed, and θ is the direction of the
velocity vector (i.e., the angle from [ 1 0 ]T to [ q̇x q̇y ]

T).
Consider the map shown in Figure 3, which has 6 obstacles

and a wall. For j ∈ {1, . . . , 6}, the area outside the jth
obstacle is modeled as the zero-superlevel set of

hj(x) =
∥∥∥
[
ax,j(qx−bx,j)
ay,j(qy−by,j)

]∥∥∥
p
− cj , (20)

where bx,j , by,j , ax,j , ay,j , cj , p > 0 specify the location and
dimensions of the jth obstacle. Similarly, the area inside the
wall is modeled as the zero-superlevel set of

h7(x) = c7 −
∥∥[ ax,7qx

ay,7qy

]∥∥
p
, (21)

where ax,7, ay,7, c7, p > 0 specify the dimension of the space
inside the wall. The bounds on speed v are modeled as the
zero-superlevel sets of

h8(x) = 9− v, h9(x) = v + 1. (22)

The safe set Ss is given by (4) where ℓ = 9. The projection
of Ss onto the qx–qy plane is shown in Figure 3. Note that
for all x ∈ Ss, the speed satisfies v ∈ [−1, 9]. We also note
that (A1) is satisfied with d1 = d2 = . . . = d7 = 2 and
d8 = d9 = 1.

FIGURE 3. Safe set Ss, and closed-loop trajectories for 4 goal locations.

Let qd = [ qd,x qd,y ]
T ∈ R2 be the goal location, that is,

the desired location for q. Then, consider the desired control

ud(x) ≜

[
ud1

(x)
ud2

(x)

]
, (23)

where ud1
, ud2

, ψ : R4 → R are

ud1
(x) ≜ −(k1 + k3)v + (1 + k1k3)∥q − qd∥2cosψ(x)

+ k1(k2∥q − qd∥2+v) sin2 ψ(x), (24)

ud2
(x) ≜

(
k2 +

v

∥q − qd∥2

)
sinψ(x), (25)

ψ(x) ≜ atan2(qy − qd,y, qx − qd,x)− θ + π, (26)

and k1 = 0.2, k2 = 1, and k3 = 2. Note that the desired
control is designed using a process similar to [37, pp. 30–31],
and it drives [ qx qy ]

T to qd but does not account for safety.
We consider the cost (5), where Q(x) = I2 and c(x) =

−ud(x). Thus, the minimizer of (5) is equal to the minimizer
of the minimum-intervention cost ∥u− ud(x)∥22.

We implement the control (6), (10), and (14)–(19) with
ρ = 10, γ = 1024, α1,0(h) = . . . = α7,0(h) = 7h, and
α(h) = 0.5h. The control is updated at 1 kHz.

Figure 3 shows the closed-loop trajectories for x0 =
[−1 − 8.5 0 π/2 ]T and 4 different goal locations:
qd = [ 3 4.5 ]T, qd = [−7 0 ]T, qd = [ 7 1.5 ]T, and
qd = [−1 7 ]T. In all cases, the robot position converges
to the goal location while satisfying the safety constraints.

Figures 4 and 5 show the trajectories of the relevant signals
for the case where qd = [ 3 4.5 ]T. Figures 4 shows that
the robot position converges to the goal location and that
the control is equal to the desired control except for t ∈
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FIGURE 4. qx, qy , v, θ, u and ud for qd = [ 3 4.5 ]T.

FIGURE 5. h, min bj,i, and minhj for qd = [ 3 4.5 ]T.

[0.3, 0.9]∪ [1.5, 2.9]∪ [5, 5.6]. Figure 5 shows that h, min bj,i,
and minhj are positive for all time, which implies trajectory
remains in S ∩ C ⊂ Ss. △

VI. Safety with Input Constraints
This section extends the approach of Section V to guarantee

safety subject to input constraints (e.g., actuator limits).
Specifically, we use the composite soft-minimum CBF (10)
to construct a closed-form optimal control that not only
guarantees safety but also respects specified input constraints.

We reconsider the system (2), safe set (4), and cost
(5). Next, let ϕ1, . . . , ϕℓu : Rm → R be continuously
differentiable, and define the set of admissible controls

U ≜ {u ∈ Rm : ϕ1(u) ≥ 0, . . . , ϕℓu(u) ≥ 0} ⊆ Rm. (27)

We assume that for all u ∈ U and all κ ∈ {1, 2, . . . , ℓu},
ϕ′κ(u) ̸= 0.

The objective is to design a full-state feedback control
such that for all t ≥ 0, J(x(t), u(t)) is minimized subject to
the safety constraint that x(t) ∈ Ss and the input constraint
that u(t) ∈ U .

A. Control Dynamics to Transform Input Constraints into
Controller State Constraints

To address safety with input constraints, we introduce
control dynamics. Specifically, consider the control u that
satisfies

ẋc(t) = fc(xc(t)) + gc(xc(t))û(x(t), xc(t)), (28)
u(t) = hc(xc(t)), (29)

where xc(t) ∈ Rnc is the controller state; xc(0) = xc0 ∈ Rnc

is the initial condition; fc : Rnc → Rnc , gc : Rnc → Rnc×m,
and hc : Rnc → Rm are locally Lipschitz on Rnc ; and
û : Rn+nc → Rm is given by the closed-form solution to a
quadratic program presented later in this section.

Define
Sc ≜ {xc ∈ Rnc : hc(xc) ∈ U}, (30)

which is the set of controller states such that the control is
in the set of admissible controls U . Thus, using the control
dynamics (28) and (29) transformed the input constraint (i.e.,
u(t) ∈ U ) into a constraint on the state of the controller (i.e.,
xc(t) ∈ Sc).

Next, consider the cascade of (2), (28), and (29), which is
given by

˙̂x = f̂(x̂) + ĝ(x̂)û, (31)

where

x̂ ≜

[
x
xc

]
, f̂(x̂) ≜

[
f(x) + g(x)hc(xc)

fc(xc)

]
, (32)

ĝ(x̂) ≜

[
0

gc(xc)

]
, x̂0 ≜

[
x0
xc0

]
, (33)

and n̂ ≜ n+ nc. Define

Ŝs ≜ Ss × Sc, (34)

which is the set of cascade states x̂ such that the safety
constraint (i.e., x(t) ∈ Ss) and the input constraint (i.e.,
u(t) ∈ U) are satisfied. The next result summarizes this
property.
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Proposition 5. Assume that for all t ≥ 0, x̂(t) ∈ Ŝs. Then,
for all t ≥ 0, x(t) ∈ Ss and u(t) ∈ U .

Proof:
Let t1 ≥ 0. Since x̂(t1) ∈ Ŝs, it follows from (34) that
x(t1) ∈ Ss and xc(t1) ∈ Sc. Since xc(t1) ∈ Sc, it follows
from (29) and (30) that u(t1) ∈ U .

The functions fc, gc and hc are selected such that the
following conditions hold:

(C1) There exists a positive integer dc such that for all
xc ∈ Sc, Lgchc(xc) = LgcLfchc(xc) = · · · =
LgcL

dc−2
fc

hc(xc) = 0 and LgcL
dc−1
fc

hc(xc) is nonsin-
gular.

(C2) There exists a positive integer ζ such that for all
κ ∈ {1, 2, . . . , ℓu} and all xc ∈ Sc, Lgcϕκ(hc(xc)) =
LgcLfcϕκ(hc(xc)) = · · · = LgcL

ζ−2
fc

ϕκ(hc(xc)) = 0

and LgcL
ζ−1
fc

ϕκ(hc(xc)) ̸= 0.
Note that fc, gc, and hc can be designed such that (C1)
and (C2) are satisfied. The following example provides one
construction of fc, gc, and hc such that (C1) and (C2) are
satisfied. In particular, this example provides a linear time-
invariant controller such that (C1) and (C2) are satisfied.

Example 2. Let

fc(xc) = Acxc, gc(xc) = Bc, hc(xc) = Ccxc,

where Ac ∈ Rnc×nc , Bc ∈ Rnc×m, Cc ∈ Rm×nc , and CcBc

is nonsingular.
First, note that Lgchc(xc) = CcBc. Since CcBc is

nonsingular, it follows that (C1) is satisfied with dc = 1.
Next, note that Lgcϕκ(hc(xc)) = ϕ′κ(hc(xc))CcBc. Since
CcBc is nonsingular and for all xc ∈ Sc, ϕ′κ(hc(xc)) ̸= 0, it
follows that (C2) is satisfied with ζ = 1. Thus, any linear
time-invariant controller with CcBc is nonsingular satisfies
(C1) and (C2). For example, we could let a > 0, Ac = −aInc ,
Bc = Inc , and Cc = Inc , which implies that the controller
is low pass. △

Next, let ℓ̂ ≜ ℓ+ℓu. Unless otherwise stated, all statements
in this section that involve the subscript ȷ̂ are for all ȷ̂ ∈
{1, 2, . . . , ℓ̂}. Let ĥȷ̂:Rn̂ → R be defined by

ĥȷ̂(x̂) ≜

{
hȷ̂(x), if ȷ̂ ∈ {1, 2, . . . , ℓ},
ϕȷ̂−ℓ(hc(xc)), if ȷ̂ ∈ {ℓ+ 1, ℓ+ 2, . . . , ℓ+ ℓu},

(35)
and define

d̂ȷ̂ ≜

{
dȷ̂ + dc, if ȷ̂ ∈ {1, 2, . . . , ℓ},
ζ, if ȷ̂ ∈ {ℓ+ 1, ℓ+ 2, . . . , ℓ+ ℓu}.

(36)

The following result demonstrates that ĥȷ̂ has well-defined
relative degree d̂ȷ̂ with respect to the cascade (31)–(33) on
Ŝs; however, relative degrees d̂1, . . . , d̂ℓ̂ are not all equal.

Proposition 6. Consider (2), where (A1) is satisfied, and
consider (28) and (29), where (C1) and (C2) are satisfied.

Then, for all x̂ ∈ Ŝs, Lĝĥȷ̂(x̂) = LĝLf̂ ĥȷ̂(x̂) = · · · =

LĝL
d̂ȷ̂−2

f̂
ĥȷ̂(x̂) = 0 and LĝL

d̂ȷ̂−1

f̂
ĥȷ̂(x̂) ̸= 0.

Proof:
Let a ∈ {1, 2, . . . , ℓ}, and it follows from (A1) and (C1)

that (A2) in Appendix A is satisfied for x1, x2, f1, g1, f2, g2,
X1, X2, ξ1, ξ2, r1, r2 equal to x, xc, f , g, fc, gc, Ss, Sc, ha,
hc, da, dc, respectively. Thus, it follows from Theorem 3 in
Appendix A that Lĝĥa(x̂) = · · · = LĝL

da+dc−2

f̂
ĥa(x̂) = 0

and LĝL
da+dc−1

f̂
ĥa(x̂) = [LgL

da−1
f ha(x)]LgcL

dc−1
fc

hc(xc).

Since, in addition, (A1) implies that LgLda−1
f ha(x) ̸= 0 and

(C1) implies that LgcL
dc−1
fc

hc(xc) is nonsingular, it follows
that LĝLda+dc−1

f̂
ĥa(x̂) ̸= 0, which confirms the result for

ȷ̂ ∈ {1, 2, . . . , ℓ}.
Let b ∈ {ℓ + 1, ℓ + 2, . . . , ℓ̂} and let i ∈

{0, 1, . . . ζ − 1}. Next, it follows from (32) that Li
f̂
ĥb(x̂) =

Li
f̂
ϕb−ℓ(hc(xc)) = Li−1

f̂
Lfcϕb−ℓ(hc(xc)) = · · · =

Lifcϕb−ℓ(hc(xc)), which combined with (33) implies that

LĝL
i
f̂
ĥb(x̂) = LĝL

i
fcϕb−ℓ(hc(xc)) = LgcL

i
fcϕb−ℓ(hc(xc)).

Thus, (C2) implies that Lĝĥb(x̂) = · · · = LĝL
ζ−2

f̂
ĥb(x̂) = 0

and LĝL
ζ−1

f̂
ĥb(x̂) ̸= 0, which combined with (36) confirms

the result for ȷ̂ ∈ {ℓ+ 1, ℓ+ 2, . . . , ℓ̂}.

B. Composite Soft-Minimum CBF
Proposition 6 implies that the cascade (31)–(33) with the

CBFs ĥ1, . . . , ĥℓ̂ satisfy (A1), where f , g, x, Sc, ℓ, j, hj ,
and dj are replaced by f̂ , ĝ, x̂, Ŝc, ℓ̂, ȷ̂, ĥȷ̂, and d̂ȷ̂. Thus, the
composite soft-minimum CBF construction in Section IV can
be applied to the cascade (31)–(33) in order to construct a
single CBF from the CBFs ĥ1, . . . , ĥℓ̂, which do not all have
the same relative degree. Note that ĥ1, . . . , ĥℓ̂ describe the
set Ŝs = Ss×Sc that combines the safe set Ss and the set Sc

of controller states such that the control is in the admissible
set U . Thus, the composite soft-minimum CBF can be used
to address both safety and the input constraints.

First, let b̂ȷ̂,0(x̂) ≜ ĥȷ̂(x̂). For i ∈ {0, 1 . . . , d̂ȷ̂ − 2}, let
α̂ȷ̂,i:R → R be a locally Lipschitz extended class-K function,
and consider b̂ȷ̂,i+1 : Rn̂ → R defined by

b̂ȷ̂,i+1(x̂) ≜ Lf̂ b̂ȷ̂,i(x̂) + α̂ȷ̂,i(b̂ȷ̂,i(x̂)). (37)

For i ∈ {0 . . . , d̂ȷ̂ − 1}, define

Ĉȷ̂,i ≜ {x̂ ∈ Rn̂: b̂ȷ̂,i(x̂) ≥ 0}.
Next, define

Ĉȷ̂ ≜
{
Ĉȷ̂,0, d̂ȷ̂ = 1,
⋂d̂ȷ̂−2
i=0 Ĉȷ̂,i, d̂ȷ̂ > 1,

and

Ĉ ≜
ℓ̂⋂

ȷ̂=1

Ĉȷ̂.

8 VOLUME 00



Let ρ > 0, and consider ĥ : Rn̂ → R defined by

ĥ(x̂) ≜ softminρ
(
b̂1,d̂1−1(x̂), b̂2,d̂2−1(x̂), . . . , b̂ℓ̂,d̂ℓ̂−1(x̂)

)
,

(38)
and define

Ŝ ≜ {x̂ ∈ Rn̂: ĥ(x̂) ≥ 0},
which is the zero-superlevel set of ĥ. Next, define

B̂ ≜ {x̂ ∈ bd Ŝ:Lf̂ ĥ(x̂) ≤ 0}.
The next result is a corollary of Proposition 2, which is
obtained by applying Proposition 2 to the cascade (31)–(33).

Corollary 1. Consider (2), where (A1) is satisfied, and
consider (28) and (29), where (C1) and (C2) are satisfied.
Assume that ĥ′ is locally Lipschitz on Ŝ , and for all x̂ ∈ B̂,
Lĝĥ(x̂) ̸= 0. Then, Ŝ ∩ Ĉ is control forward invariant.

Corollary 1 provides conditions under which Ŝ ∩ Ĉ ⊂ Ŝc

is control forward invariant. In this case, ĥ is a CBF that
can be used to generate a control such that for all t ≥ 0,
x̂(t) ∈ Ŝ ∩ Ĉ ⊂ Ŝc, which implies that x(t) ∈ Ss and
u(t) ∈ U .

C. Surrogate Cost
The CBF ĥ can be used to generate a control that satisfies

the input and safety constraints; however, we cannot directly
apply a quadratic program similar to (13) because the cost
J given by (5) is a function of u rather than û. Thus, we
introduce a surrogate cost such that minimizing the surrogate
cost tends to minimize J .

Consider ud : Rn̂ → Rm defined by

ud(x̂) ≜ −Q(x)−1c(x), (39)

which is the minimizer of (5). Next, let σdc = 1, and consider
ûd : Rn̂ → Rm defined by

ûd(x̂) ≜
(
LgcL

dc−1
fc

hc(xc)
)−1

(
dc∑

i=0

σi

(
Li
f̂
ud(x̂)

− Lifchc(xc)
))

, (40)

where σ0, σ1, . . . , σdc−1 > 0 are selected such that

σ(s) ≜ sdc + σdc−1s
dc−1 + σdc−2s

dc−2 + · · ·+ σ1s+ σ0

has all its roots in the open left-hand complex plane.
The following result considers the closed-loop (2), (28),

and (29) system under ûd. This result demonstrates that
the trajectory of closed-loop system under ûd converges
exponentially to the trajectory of (2) under the ideal control
ud that minimizes J .

Proposition 7. Consider (2), where (A1) is satisfied, and
consider (28) and (29), where (C1) is satisfied and û(x̂) =
ûd(x̂). Then, the following statements hold:

(a) The error u− ud(x̂) satisfies
dc∑

i=0

σi
di

dti
[u(t)− ud(x̂(t))] = 0. (41)

(b) For all x̂0 ∈ Rn̂, limt→∞[u(t)− ud(x̂(t))] = 0 expo-
nentially.

(c) Assume that Q is bounded. Then, for all x̂0 ∈ Rn̂,

lim
t→∞

[
J(x(t), u(t))− J(x(t), ud(x̂(t)))

]
= 0.

(d) Let x0 ∈ Rn, and assume xc0 ∈ Rnc is such that for
i ∈ {0, 1, . . . , dc − 1}, Lifchc(xc0) = Li

f̂
ud(x̂0). Then,

u(t) ≡ ud(x̂(t)).

Proof:
To prove (a), it follows from (C1) that the dcth time

derivative of u along (28) and (29) is u(dc) = Ldcfchc(xc) +

LgcL
dc−1
fc

hc(xc)û(x̂). Since, in addition, û = ûd and
σdc = 1, substituting (40) yields

ddc

dtdc
u = Ldc

f̂
ud(x̂)+

dc−1∑

i=0

σi

(
Li
f̂
ud(x̂)−Lifchc(xc)

)
. (42)

Next, (A1) and (C1) imply that (A2) in Appendix A is
satisfied for x1, x2, f1, g1, f2, g2, X1, X2, ξ1, ξ2, r1, r2
equal to x, xc, f , g, fc, gc, Ss, Sc, hȷ̂, hc, dȷ̂, dc, respectively.
Thus, it follows from Lemma 4 in Appendix A with ν̂ = ud
that Lĝud(x̂) = LĝLf̂ud(x̂) = · · · = LĝL

dc−1

f̂
ud(x̂) = 0.

Thus, for i ∈ {0, 1, . . . , dc}, the ith time derivative of (39)
along (31)–(33) is

di

dti
ud(x̂) = Li

f̂
ud(x̂). (43)

Similarly, for i ∈ {0, 1, . . . , dc − 1}, it follows from (C1)
that the ith time derivative of (29) along (28) is

di

dti
u = Lifchc(xc). (44)

Finally, substituting (43) and (44) into (42) yields (41), which
confirms (a).

To prove (b), since all roots of σ are in the open left-
hand complex plane, it follows from (41) that for all
x̂0 ∈ Rn̂, limt→∞[u(t)− ud(x̂(t))] = 0 exponentially, which
confirms (b).

To prove (c), define ue ≜ u−ud(x̂). Thus, u = ue+ud(x̂),
and it follows from (5) and (39) that

J(x, u) =
1

2
(ue + ud(x̂))

TQ(x)(ue + ud(x̂))

+ c(x)T(ue + ud(x̂))

=
1

2
uTe Q(x)ue + ud(x̂)

TQ(x)ue + c(x)Tue

+
1

2
ud(x̂)

TQ(x)ud(x̂) + c(x)Tud(x̂)

=
1

2
uTe Q(x)ue + J(x, ud(x̂))

which implies that J(x, u) − J(x, ud(x̂)) = 1
2u

T
e Q(x)ue.

Since, in addition, limt→∞ ue(t) = 0 and Q is bounded, it
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follows that limt→∞[J(x(t), u(t))− J(x(t), ud(x̂(t)))] = 0,
which confirms (c).

To prove (d), since for i ∈ {0, 1, . . . , dc−1}, Lifchc(xc0) =
Li
f̂
ud(x̂0), it follows from (43) and (44) that for i ∈

{0, 1, . . . , dc − 1}, di

dtiu(t)|t=0=
di

dtiud(x̂(t))|t=0, which
combined with (41), implies that u(t) ≡ ud(x̂(t)).

Proposition 7 implies that the control dynamics (28)
and (29) with û = ûd yields a control u that converges
exponentially to the minimizer ud of J . Thus, we consider
the surrogate cost function Ĵ :Rn̂ × Rm → R defined by

Ĵ(x̂, û) ≜
1

2
∥û− ûd(x̂)∥22. (45)

In the next subsection, we design a control û with the goal
that for all t ≥ 0, J(x̂(t), û(x̂(t)) is minimized subject to
the constraint that x̂(t) ∈ Ŝ ∩ Ĉ ⊂ Ŝs, which implies that
the safety constraint (i.e., x(t) ∈ Ss) and the input constraint
(i.e., u(t) ∈ U) are satisfied.

D. Closed-Form Optimal and Safe Control with Input
Constraints

Let γ > 0, and let α : R → R be a locally Lipschitz
nondecreasing function such that α(0) = 0. For all x̂ ∈ Rn̂,
consider the control given by

(
û(x̂), µ̂(x̂)

)
≜ argmin

ũ∈Rm, µ̃∈R
J(x̂, ũ) +

1

2
γµ̃2 (46a)

subject to

Lf̂ ĥ(x̂) + Lĝĥ(x̂)ũ+ α(ĥ(x̂)) + µ̃ĥ(x̂) ≥ 0. (46b)

Proposition 3 applied to the cascade (31)–(33) implies that if
for all x̂ ∈ B̂, Lĝĥ(x̂) ̸= 0, then the quadratic program (46)
is feasible.

The following result provides a closed-form solution for
the control û(x̂) that satisfies (46). This result is a corollary
of Theorem 1, which is obtained by applying Theorem 1
with the constrained optimization (46) and cascade (31)–(33)
replacing (13) and (2).

Corollary 2. Assume that for all x̂ ∈ B̂, Lĝĥ(x̂) ̸= 0.
Then,

û(x̂) = ûd(x̂) + Lĝĥ(x̂)
Tλ̂(x̂) (47)

where

λ̂(x̂) =




−
Lf̂ ĥ(x̂) + Lĝĥ(x̂)ûd(x̂) + α(ĥ(x̂))

Lĝĥ(x̂)Lĝĥ(x̂)T + γ−1ĥ(x̂)2
, x̂ ∈ Ω̂,

0, x̂ /∈ Ω̂,
(48)

and

Ω̂ = {x̂ ∈ Rn̂ : Lf̂ ĥ(x̂) + Lĝĥ(x̂)ûd(x̂) + α(ĥ(x̂)) < 0}.
(49)

Figure 6 illustrates the architecture of the control (28),
(29), (37)–(40), and (47)–(49). The following corollary is the
main result on safety- and input-constraint satisfaction using
this control. This corollary is a consequence of applying
Theorem 2 to the cascade (31)–(33).

Corollary 3. Consider (2), where (A1) is satisfied, and
consider u given by (28), (29), (37)–(40), and (47)–(49),
where (C1) and (C2) are satisfied. Assume that ĥ′ is locally
Lipschitz on Ŝ, and for all x̂ ∈ B̂, Lĝĥ(x̂) ̸= 0. Let x̂0 ∈
Ŝ ∩ Ĉ. Then, for all t ≥ 0, x̂(t) ∈ Ŝ ∩ Ĉ, x(t) ∈ Ss, and
u(t) ∈ U .

E. Ground Robot Example Revisited with Input
Constraints

We present an example to demonstrate the control (28),
(29), (37)–(40), and (47)–(49).

Example 3. We revisit the nonholonomic ground robot
from Example 1 and include not only safety constraints but
also input constraints. The safe set Ss and the desired control
ud are the same as Example 1, that is, h1, . . . , h9 are given
by (20)–(22) and ud is given by (23)–(26).

In this example, we also consider control input constraints.
Specifically, the control must remain in the admissibile set
U is given by (27), where

ϕ1(u) = 4− u1, ϕ2(u) = u1 + 4,

ϕ3(u) = 1− u2, ϕ4(u) = u2 + 1,

which implies U = {u ∈ R2: |u1|≤ 4 and |u2|≤ 1} and
ℓ̂ = 13.

We consider the controller dynamics (28) and (29), where
fc, gc, and hc are given by Example 2 with Ac = −I2,
Bc = I2, and Cc = I2. Thus, (C1) and (C2) are satisfied with
dc = 1 and ζ = 1, and it follows from Example 1 and (36)
that d̂1 = · · · d̂7 = 3, d̂8 = d̂9 = 2, and d̂10 = · · · = d̂13 = 1.

We implement the control (28), (29), (37)–(40), and (47)–
(49) with ρ = 10, γ = 100, α̂1,0(h) = . . . = α̂6,0(h) = h,
α̂1,1(h) = . . . = α̂6,1(h) = 2.5h, α̂7,0(h) = 6h, α̂7,1(h) =
h, α̂8,0(h) = α̂9,0(h) = 10h, α = 0, and σ0 = 1. The control
is updated at 1 kHz.

Figure 7 shows the closed-loop trajectories for x̂0 =
[−1 −8.5 0 π

2 0 0 ]T with 4 different goal locations
qd = [ 3 4.5 ]T, qd = [−7 0 ]T, qd = [ 7 1.5 ]T, and
qd = [−1 7 ]T. In all cases, the robot position converges to
the goal location while satisfying safety and input constraints.

Figures 8 and 9 show the trajectories of the relevant signals
for the case where qd = [ 3 4.5 ]T. Figure 9 shows that ĥ,
min b̂j,i, and min ĥj are positive for all time, which implies
that x remains in Ss and u remains in U . △

VII. Concluding Remarks
This article presents several new contributions. First,

Section IV presents a method for constructing a single
composite soft-minimum CBF (10) from multiple CBFs,
which can have different relative degrees. Proposition 2 is
the main result of Section IV, and it shows that the zero-
superlevel set of the composite soft-minimum CBF describes
the control forward invariant set S ∩ C, which is a subset
of the safe set Ss. Next, Section V uses the composite soft-
minimum CBF (10) in a constrained quadratic optimization
to construct a closed-form optimal control that guarantees
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Controller

ẋc = fc(xc) + gc(xc)û hc ẋ = f(x) + g(x)u

û(x) = ûd(x̂) + Lĝĥ(x̂)
Tλ̂(x̂)

λ̂(x̂) =




−Lf̂ ĥ(x̂)+Lĝĥ(x̂)ûd(x̂)+α(ĥ(x̂))

Lĝĥ(x̂)Lĝĥ(x̂)T+γ−1ĥ(x̂)2
, x̂ ∈ Ω̂,

0, x̂ /∈ Ω̂,

Ω̂ = {x̂ ∈ Rn̂ : Lf̂ ĥ(x̂) + Lĝĥ(x̂)ûd(x̂) + α(ĥ(x̂)) < 0}

x̂ =

[
x
xc

]

ûd(x̂) =
(
LgcL

dc−1
fc

hc(xc)
)−1

(
dc∑

i=0

σi

(
Li
f̂
ud(x̂)− Lifchc(xc)

))

ud(x̂) = −Q(x)−1c(x)

û

xc u x

x̂

ûd

FIGURE 6. Closed-form optimal and safe control with input constraints. Control uses the composite soft-minimum CBF ĥ to guarantee safety with input
constraints. Control minimizes cost Ĵ subject to safety and input constraints.

FIGURE 7. Ss and closed-loop trajectories for 4 goal locations.

safety. Theorem 2 is the main result of Section V, and this
theorem shows that the closed-form optimal control (6),
(10), and (14)–(19) guarantees safety. Finally, Section VI
extends the approach to construct a closed-form optimal
control that not only guarantees safety but also respects input
constraints. The key elements in the development of this
novel closed-form control include the introduction of the
control dynamics (28) and (29) and the surrogate cost (45),
and most importantly, the use of the composite soft-minimum
CBF to compose safety and input constraints, which have
different relative degrees, into a single CBF. Corollary 3 is
the main result, which shows that the closed-form optimal
control (28), (29), (37)–(40), and (47)–(49) guarantees both
safety- and input-constraint satisfaction.

We note that the approach in this paper to generate a closed-
form control that satisfies safety and input constraints can
be directly extended to address input rate constraints (and

FIGURE 8. qx, qy , v, θ, u, ud, û = [ û1 û2 ]T, and ûd = [ ûd1
ûd2

]T

for qd = [ 3 4.5 ]T.

constraints on higher-order time derivatives of the input).
To accomplish this, the control dynamics (28) and (29)
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FIGURE 9. ĥ, min b̂ȷ̂,i, and min ĥȷ̂ for qd = [ 3 4.5 ]T.

are designed such that its relative degree dc is greater
than the positive integer r, where dr

dtr u is the highest-order
time derivative of the control that has a constraint. In this
case, constraints on u, d

dtu, . . . ,
dr

dtr u are transformed into
constraints on the controller state xc using the approach in
Section VI.

In this work, the log-sum-exponential soft minimum (1) is
used to compose multiple state constraints and multiple input
constraints into a single constraint. In other words, the zero-
superlevel set of the soft minimum (1) is an approximation
(subset) of the intersection of the zero-superlevel sets of
the arguments of the soft minimum. See Proposition 1.
Thus, the log-sum-exponential soft minimum can be used to
approximate the intersection of zero-superlevel sets. Similarly,
the log-sum-exponential soft maximum can be used to
approximate the union of zero-superlevel sets. See [30] for
more details.

Appendix A
Relative Degree of a Nonlinear Cascade

This appendix examines the relative degree of a cascade
of nonlinear systems. The results in this appendix are needed
for Proposition 6 and Proposition 7 in Section VI. Consider

ẋ1(t) = f1(x1(t)) + g1(x1(t))u1(t), (50)
ẋ2(t) = f2(x2(t)) + g2(x2(t))u2(t), (51)

where for i ∈ {1, 2}, xi(t) ∈ Rni is the state, xi(0) = xi0 ∈
Rni is the initial condition, and ui(t) ∈ Rmi is the input.

Let ξ1 : Rn1 → Rl1 and ξ2 : Rn2 → Rm1 . We make the
following assumption:
(A2) For i ∈ {1, 2}, there exists Xi ∈ Rni and a positive

integer ri such that for all xi ∈ Xi, Lgiξi(xi) =
LgiLfiξi(xi) = · · · = LgiL

ri−2
fi

ξi(xi) = 0 and
LgiL

ri−1
fi

ξi(xi) ̸= 0.
Assumption (A2) implies that ξi has relative degree ri with
respect to ẋi = fi(xi) + gi(xi)ui on Xi.

Next, we consider the cascade of (50) and (51), where
u1 = ξ2(x2), which is given by

˙̂x = f̂(x̂) + ĝ(x̂)u2, (52)

y = ĥ(x̂), (53)

where

x̂ ≜

[
x1
x2

]
, f̂(x̂) ≜

[
f1(x1) + g1(x1)ξ2(x2)

f2(x2)

]
, (54)

ĝ(x̂) ≜

[
0

g2(x2)

]
, ĥ(x̂) ≜ ξ1(x1). (55)

The following preliminary results are needed.

Lemma 2. Consider (50)–(55), where (A2) is satisfied.
For all x̂ ∈ X1 ×X2, the following statements hold:
(a) Let j ∈ {0, 1, . . . , r1 − 1}. Then, Lj

f̂
ĥ(x̂) = Ljf1ξ1(x1).

(b) Let j ∈ {0, 1, . . . , r1 − 2}. Then, LĝL
j

f̂
ĥ(x̂) = 0.

Proof:
To prove (a), we use induction on j. First, note that
L0
f̂
ĥ(x̂) = ĥ(x̂) = ξ1(x1) = L0

f1
ξ1(x1), which implies

that (a) holds for j = 0. Next, assume that (a) holds for
j = a ∈ {0, 1, . . . , r1 − 2}. Thus,

La+1

f̂
ĥ(x̂) = Lf̂L

a
f̂
ĥ(x̂) = Lf̂L

a
f1ξ1(x1),

which combined with (54) and (A2) yields

La+1

f̂
ĥ(x̂) = La+1

f1
ξ1(x1) + [Lg1L

a
f1ξ1(x1)]ξ2(x2)

= La+1
f1

ξ1(x1),

which confirms (a).
To prove (b), let b ∈ {0, 1, . . . , r1 − 2}, and it follows

from (a) that LĝLbf̂ ĥ(x̂) = LĝL
b
f1
ξ1(x1) = 0.

Let ν : Rn1 → Rℓ1 be continuously differentiable, and let
ν̂ : Rn1+n2 → Rℓ1 be defined by ν̂(x̂) ≜ ν(x1).

Lemma 3. Let j be a positive integer. Then, there exists
Fj : Rn1×mj−1 → Rℓ1 such that for all x̂ ∈ X1 ×X2,

Lj
f̂
ν̂(x̂) = Fj

(
x1, ξ2(x2), Lf2ξ2(x2), . . . , L

j−2
f2

ξ2(x2)
)

+ [Lg1ν(x1)]L
j−1
f2

ξ2(x2). (56)

Proof:
We use induction on j. First, (54) implies that Lf̂ ν̂(x̂) =
Lf̂ν(x1) = Lf1ν(x1) + [Lg1ν(x1)]ξ2(x2) = F1(x1) +
[Lg1ν(x1)]ξ2(x2), where F1(x1) = Lf1ν(x1), which con-
firms (56) for j = 1.

Next, assume that (56) holds for j = a ∈ {1, 2, . . .}. Thus,

La+1

f̂
ν̂(x̂) = Lf̂L

a
f̂
ν̂(x̂)

= Lf̂Fa + Lf̂

[
Lg1ν(x1)L

a−1
f2

ξ2(x2)
]
, (57)

where the arguments of Fa are omitted. Next, note that it
follows from (54) that

Lf̂Fa =
∂Fa
∂x1

[f1(x1) + g1(x1)ξ2(x2)]

12 VOLUME 00



+

a−2∑

k=0

∂Fa
∂Lkf2ξ2

∂Lkf2ξ2(x2)

∂x2
f2(x2)

= Lf1Fa + [Lg1Fa]ξ2(x2) +

a−2∑

k=0

∂Fj
∂Lkf2ξ2

Lk+1
f2

ξ(x2).

(58)

and

Lf̂

[
Lg1ν(x1)L

a−1
f2

ξ2(x2)
]
=
(
Iℓ1 ⊗ La−1

f2
ξ2(x2)

)T
G(x1)

× (f1(x1) + g1(x1)ξ2(x2))

+ Lg1ν(x1)L
a
f2ξ2(x2),

(59)

where ⊗ is the Kronecker product,

G(x1) ≜




∂
∂x1

[Lg1ν(x1)]
T
(1)

...
∂
∂x1

[Lg1ν(x1)]
T
(ℓ1)


,

and [Lg1ν(x1)](i) is the ith row of Lg1ν(x1). Thus, substi-
tuting (58) and (59) into (57) yields

La+1

f̂
ν̂(x̂) = Fa+1 + Lg1ν(x1)L

a
f2ξ2(x2),

where

Fa+1 = Lf1Fa + [Lg1Fa]ξ2(x2) +

a−2∑

k=0

∂Fj
∂Lkf2ξ2

Lk+1
f2

ξ(x2)

+
(
Iℓ1 ⊗ La−1

f2
ξ2(x2)

)T
G(x1)

× (f1(x1) + g1(x1)ξ2(x2)),

which confirms (56) for j = a+ 1.

Lemma 4. Consider (50)–(55), where (A2) is satisfied.
For all x̂ ∈ X1 ×X2, the following statements hold:
(a) For j ∈ {0, 1, . . . , r2 − 1}, LĝL

j

f̂
ν̂(x̂) = 0.

(b) LĝLr2f̂ ν̂(x̂) = [Lg1ν(x1)]Lg2L
r2−1
f2

ξ2(x2).

Proof:
It follows from Lemma 3 that for all positive integers a,

LĝL
a
f̂
ν̂(x̂) = LĝFa(x1, L

0
f2ξ2(x2), . . . , L

a−2
f2

ξ2(x2))

+ Lĝ

(
[Lg1ν(x1)]L

a−1
f2

ξ2(x2)
)
. (60)

To prove (a), let j ∈ {0, 1, . . . , r2 − 1}. Note that (55)
and (A2) imply that LĝFj(x1, ξ2(x2), . . . , L

j−2
f2

ξ2(x2)) = 0

and Lĝ([Lg1ν(x1)]L
j−1
f2

ξ2(x2)) = 0, which together with
(60) confirms (a).

To prove (b), it follows from (55) and (A2)
that LĝFr2(x1, ξ2(x2), . . . , L

r2−2
f2

ξ2(x2)) = 0 and
Lĝ([Lg1ν(x1)]L

r2−1
f2

ξ2(x2)) = [Lg1ν(x1)]Lg2L
r2−1
f2

ξ2(x2),
which together with (60) confirms (a).

The following result shows that the relative degree of
the cascade is greater than or equal to the sum of the
relative degrees. Furthermore, the relative degree of the

cascade is equal to sum of the relative degrees if and only if
[Lg1L

r1−1
f1

h1(x1)]Lg2L
r2−1
f2

h2(x2) is nonzero.

Theorem 3. Consider (50)–(55), where (A2) is satisfied.
Then, for all x̂ ∈ X1 ×X2, the following statements hold:
(a) For all j ∈ {0, 1, . . . , r1 + r2 − 2}, LĝL

j

f̂
ĥ(x̂) = 0.

(b) LĝLr1+r2−1

f̂
ĥ(x̂) = [Lg1L

r1−1
f1

ξ1(x1)]Lg2L
r2−1
f2

ξ2(x2).

Proof:
Define ν(x1) ≜ Lr1−1

f1
ξ1(x1) and ν̂(x̂) ≜ ν(x1).

To prove (a), it follows from Lemma 2 that for all j ∈
{0, . . . , r1 − 2}, LĝL

j

f̂
ĥ(x̂) = 0.

Next, let a ∈ {r1 − 1, r1, . . . , r1 + r2 − 2} and define
b ≜ a − r1 + 1. Thus, LĝLaf̂ ĥ(x̂) = LĝL

b
f̂
Lr1−1

f̂
ĥ(x̂) =

LĝL
b
f̂
ν̂(x̂). Since, in addition, b ∈ {0, . . . , r2−1}, it follows

from Lemma 4 that LĝLaf̂ ĥ(x̂) = 0, which implies that for

all j ∈ {r1 − 1, r1, . . . , r1 + r2 − 2}, LĝL
j

f̂
ĥ(x̂) = 0.

To prove (b), note that LĝL
r1+r2−1

f̂
ĥ(x̂) =

LĝL
r2
f̂
Lr1−1

f̂
ĥ(x̂) = LĝL

r2
f̂
ν̂(x̂). Thus, Lemma 4 implies

that LĝL
r1+r2−1

f̂
ĥ(x̂) = [Lg1ν(x1)]Lg2L

r2−1
f2

ξ2(x2) =

[Lg1L
r1−1
f1

ξ1(x1)]Lg2L
r2−1
f2

ξ2(x2).
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